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Previous theorems concerning Weyl type systems, including Majumdar-Papapetrou systems, are 
generalized in two ways, namely, we take these theorems into d spacetime dimensions (d > 4), and 
we also consider the very interesting Weyl-Guilfoyle systems, i.e., general relativistic charged fluids 
with nonzero pressure. In particular within Newton- Coulomb theory of charged gravitating fluids, 
a theorem by Bonnor (1980) in three-dimensional space is generalized to arbitrary (d — 1) > 3 space 
dimensions. Then, we prove a new theorem for charged gravitating fluid systems in which we flnd 
the condition that the charge density and the matter density should obey. Within general relativity 
coupled to charged dust fluids, a theorem by De and Raychaudhuri (1968) in four-dimensional 
spacetimes in rendered into arbitrary d > 4 dimensions. Then a theorem, new in d = 4 and d > 4 
dimensions, for Weyl-Guilfoyle systems, is stated and proved, in which we find the condition that 
the charge density, the matter density, the pressure, and the electromagnetic energy density should 
obey. This theorem comprises, as particular cases, a theorem by Gautreau and Hoffman (1973) and 
results in four dimensions by Guilfoyle (1999). Upon connection of an interior charged solution to 
an exterior Tangherlini solution (i.e., a Reissner-Nordstrom solution in d-dimensions) , one is able to 
give a general definition for gravitational mass for this kind of relativistic systems and find a mass 
relation with the several quantities of the interior solution. It is also shown that for sources of finite 
extent the mass is identical to the Tolman mass. 

PACS numbers: 04.50Gh, 04.40Nr, ll.lOKk 



I. INTRODUCTION 



A. Weyl type systems: Definition and overview 



Oddly, there is no noticeable mention of results for charged fluids in Newtonian gravitation in the 19th century, 
an epoch when such studies could certainly be performed with ease. Not even the useful monograph of Ramsey of 
1940 "Newtonian attraction" [l| attempts such an incursion. The first work treating charged fluids in Newtonian 
gravitation we are aware of is Bonnor's work which is inspired in relativistic gravitational works. This work Q 
is divided into two distinct parts. The first one deals with charged matter theorems in Newtonian gravitation, and 
some interesting singular solutions are displayed. The second one studies axisymmetric solutions for charged systems 
in general relativity. Although the displaying of exact solutions with matter for axisymmetric systems in general 
relativity is of great interest, here we are only interested in the first part of Bonnor's work. In the study of Newtonian 
systems, Bonnor was inspired by previous works in general relativity, indeed no previous paper in Newtonian theory 
is cited. Bonnor Q observed that in Newtonian mechanics and classical electrostatics an ensemble of N particles of 
masses and charges nij and qj will be in equilibrium in any configuration if qj = e\fG raj (j = 1, iV), where e = ±1 
and G is the Newton's gravitational constant. In the case of continuous distributions of charged matter, with mass 
density pm and charge density po, there will be equilibrium everywhere if pc = ^Vc'pm- Such a neutral equilibrium 
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is possible due to the exact balancing of the gravitational and electric forces on every fluid particle. Thus, a static 
distribution of charged dust, i.e., a perfect fluid with zero pressure, of any shape can in principle be built. Using the 
properties of the Newton-Coulomb system of equations, Bonnor showed that all Newton-Coulomb nontrivial solutions 
with closed equipotentials not satisfying the relation — e^/G pm are singular. As a byproduct he showed that a 
relation between the Newtonian gravitational potential V and the electric potential 

V^V{^), (1) 

should have a simple form, namely, 

V = ~eVG (j) + const . (2) 



This type of general theorems and results for the coupling between charged matter and gravitation were originally 
attempted within the theory of general relativity. It was Weyl [3] i while studying electric fields in vacuum Einstein- 
Maxwell theory in four-dimensional spacetime, who first perceived that it is interesting to consider a functional 
relation between the metric component gtt = W'^{x'^) and the electric potential 4>{x'^) (where represent the spatial 
coordinates, i = 1, 2, 3) given by the ansatz 

W = W{(j)) . (3) 

Systems, either vacuum or matter, in which the ansatz ([3]) holds generically will be called Weyl type systems. If it is 
assumed the system is vacuum and axisymnietric then Weyl [3] found that such a relation must be of the form 

^ (^~eVG(^ + by + c, (4) 

where b and c are arbitrary constants, and we use units such that the speed of light equals unity. The metric may be 
written as 



ds^ = -W^dt^ + h,j dx'dx^ , i, j = 1, 2, 3 , (5) 

where hij is also a function of the spatial coordinates only and it was assumed by Weyl Q to represent an 
axisymmetric space. Majumdar [4] extended this result by showing that it holds for a large class of static spacetimes 
with no particular spatial symmetry, axial or otherwise. Moreover, by choosing c = in which case the potential W'^ 
assumes the form of a perfect square and so 

W ^-eVG4> + b, (6) 

Majumdar |J] was able to show that the Einstein-Maxwell equations in the presence of charged dust, i.e., a perfect 
fluid with zero pressure, imply exactly the same condition of the Newtonian theory, namely, pc = eVcT pm, with both 
the gravitational potential W and the electric potential <j> satisfying a Poisson-like equation. As in the Newtonian 
case, the relativistic solutions are static configurations of charged dust and need not have any spatial symmetry. 
Majumdar [^j also showed that in the case W is as in Eq. ([6]) the metric of the three-space is conformally flat with 
conformal factor given by and in such a case all the stresses in the charged matter vanish. Similar results were 

found independently by Papapetrou who assumed as a starting point a perfect square relation among W and 0, 
in a dust filled spacetime, and showed further that the charge density pc and the relativistic energy density pm are 
related by po = ^'sfG pm- Relation ([6|) is called the Majumdar-Papapetrou relation. Solutions in which the condition 
Pe = ^VG^ Pm and the relation ^ hold are called Majumdar-Papapetrou solutions. These kind of charged dust fluids 
were studied by other authors. For instance. Das Q showed that if the ratio Pc/Pm = eVc" holds, then the relation 
between potentials must be as in Eq. De and Raychaudhuri ^ generalized this by showing that if there is a 
closed equipotential within the charged dust fluid with no singularities nor alien matter inside it, where alien matter 
was an expression used to indicate anything other than charged dust, then the charged dust fluid corresponds to a 
Majumdar-Papapetrou solution. 

A further advance was performed by Gautreau and Hoffman Q. They investigated the structure of the sources 
that produce Weyl type fields, which satisfy the Weyl quadratic relation in the case the matter stresses, i.e., 
the pressures, do not vanish. They found that when there is pressure, for W being given by the Weyl relation 

then the fluid obeys the condition b pc = e\fG (pm + 335 p) ^ + ^^fG (\)pc^ or equivalently pc (eVG"0 — h\ = 
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W, in the same spirit of the Majumdar-Papapetrou condition. If, instead of a Weyl re- 
lation, one has a Majumdar-Papapetrou relation, but still keeping the pressure, then the condition is simpler. 



Pe = eVG (p„ -t- f 



Another interesting study was performed by Guilfoyle @ who considered charged fluid distributions and made the 
hypothesis that the functional relation between the gravitational and the electric potential, W = (</'), is slightly 
more general than the one given in This Weyl-Guilfoyle relation has the form 
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=a(-eVG(t) + b) +c, (7) 



where a, b and c are arbitrary constants. Guilfoyle Q investigated several general properties of such systems. In 
particular, he showed that if the fields satisfy the Majumdar-Papapetrou perfect square relation, then the fluid pressure 
is proportional to gravitational potential p — kW^. In addition, a set of exact spherically symmetric solutions were 
also analyzed. 

Now, global analyses are important. To connect these general local results just mentioned to general global results 
one needs an exterior solution. For Weyl and Weyl- Guilfoyle relations, fluids which respect spherical symmetry can 
be joined to an exterior Rcissner-Nordstrom solution [13, [Hi characterized by a mass m and charge q. Guilfoyle [^ 
by applying junction conditions found how the global mass m and the global charge q are linked to the interior fluid 
parameters. In these spacetimes, whose fluids obey a Weyl-Guilfoyle relation, the total mass m is not, in general, 
proportional to the total electric charge of the system q. In the perfect square case of the Majumdar-Papapetrou 
relation, it can be shown that the mass m of the solution is equal to its charge q, \fGm = eg, and the exterior is 
extremal Reissner- Nordstrom. One can also follow the approach of Gautreau and Hoffman 8], an approach which 
does not use junction conditions. These authors have showed that, for a source of finite extent, not necessarily 
spherically symmetric, whose fluid admits pressure and a Weyl relation, and whose spacetime is asymptotically 
Reissner-Nordstrom, the total gravitational mass is proportional to the total electric charge of the source, and the 
ratio between them is equal to the constant h. Here, in this approach, the mass definition follows from Tolman 
[T^ l , and can be applied to charged spacetimes (see Whittaker fisj and Florides [ij, [lB| , see also [ll] ) . We further 
note that the complete global understanding of a single Majumdar-Papapetrou particle, i.e., the extremal Reissner- 
Nordstrom vacuum solution, was achieved by Carter 17], through a Carter-Penrose diagram, and the generalization 
to the vacuum solution with many extremal black holes scattered around was performed by Hartle and Hawking [18] . 

All the theorems and results mentioned above were performed in four dimensions. It is important nowadays to 
have results in d dimensions. Indeed, string theory, the AdS/CFT conjecture, brane world scenarios, and many other 
instances, point to the possible existence of a d-dimensional world, with d > 4. For charged fluids a first attempt in 
the study of d-dimensional spacetimes was performed by Lemos and Zanchin [l^ where the beautiful four-dimensional 
results of Majumdar were put into higher dimensions. It is thus of interest to render the general theorems and 
results mentioned above into d dimensions. We will see that some of the theorems are trivially extended, but in the 
process, we will get really new interesting theorems and results. For instance, when connecting the Gautreau-Hoffman 
work [Sj to Guilfoyle's [9| we step upon a nontrivial generalization and find an important new relation for the matter 
and field quantities for charged fluids with pressure, which obey the Weyl-Guilfoyle relation, both in Newtonian 
gravitation and general relativity. In this setting the notion of alien matter has to be generalized to indicate anything 
other than a charged fluid of Weyl type, guaranteeing that when the pressure is zero one recovers the definition in Q. 
We will also connect the general local results to general global results, using as exterior solution the d-dimensional 
Reissner-Nordstrom solutiorr, also called the Tangherlini solution [l^l . We find the d-dimensional version of the mass 
relation found by Guilfoyle [3] as well as the generalization of the Gautreau-Hoffman mass [sl. Summing up, we will 
enounce twelve theorems and two corollaries, and analyze some global issues. 

The literature in charged fluids in general relativity is vast and we can only mention some works more related to our 
paper. Inspired in the work of De and Raychaudhuri [7j], some papers dealt with scalar charge rather then Maxwell 
charge, see, e.g^[2l|,[2^[2l,[23|. For fluids with pressure of Majumdar-Papapetrou type it is worth mentioning here a 
study by Ida [23. By assuming a linear equation of state for the fluid, i.e. = const x p(= const x he found 

that the resulting equation for the electric potential is simply a Helmholtz equation in a space of constant curvature, 
and investigated some particular solutions in that case. In four dimensions, many other works have be en p erformed 
for charged fluids with nonzero pressure without considering Weyl or other type of relations, see, e.g., [26j for a list 
of references. For a study of d-dimensional Majumdar-Papapetrou fluids and related Bonnor stars, with a thorough 
review of the subject see (27j . 
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B. Nomenclature 



We consider a d-dimensional spacetime, both in Newtonian gravitation and general relativity. The number n of 
space dimensions is then n = (d — 1). Throughout the paper we set the speed of light equal to unity. For the d- 
dimensional spacetime gravitational constant we write Gd, see, e.g., jl^] for the definition of Gd- In d = 4 dimensions 
we write G4 = G. 



1. Newton- Coulomb charged fluids 

Here we set out the nomenclature related to the potentials for the Newton-Coulomb theory with charged matter. 
This nomenclature is inspired in the nomenclature for the general relativity theory with charged matter. 

• The gravitational Newtonian potential is represented by V, and the electric Coulombian potential is denoted by 
(j). Pin is the mass density, p is the fluid pressure, and pc is the electric charge density. 

9 V = V{(l)) is, inspired in the relativistic theory, the Weyl ansatz for the Newton-Coulomb theory. Systems 
bearing this hypothesis are Newton-Coulomb Weyl type systems, or simply Newtonian Weyl type systems. 

9 V = —e ^ + 7 is, inspired in the relativistic theory, what we call the original Weyl relation in the Newton- 

Coulomb theory, or simply Weyl relation. The Weyl relation is, in the Newtonian theory, the same as the 
Weyl-Guilfoyle relation. 

m V ~ — e-y/Gd + 7 is, inspired in the relativistic theory, what we call the Majumdar-Papapetrou relation for the 
Newton- Coulomb theory (see [13)). The Majumdar-Papapetrou relation is a particular case of the Weyl-Guilfoyle 
relation, one sets P — 1. 

Here we set out the nomenclature related to the fluid quantities. For the densities the nomenclature is more 
complicated than for the potentials, since it depends on whether there is pressure or not in the fluid. 

• When there is no pressure, the only static solutions for 1^(0) are of the form of the Majumdar-Papapetrou 
relation, which for the Newton-Coulomb theory is a particular case of the Weyl-Guilfoyle relation with f] — 1. 
In such a case, the fluid densities obey the Majumdar-Papapetrou condition, pc = eV Gd Pm- 

• When there is pressure, for V obeying the Weyl-Guilfoyle relation, the fluid densities obey the condition f3pc = 
e-\/Gd Pm, a condition given here for the first time. Inspired in the relativistic case, we call it the Gautreau- 
Hoffman condition for the Newton-Coulomb theory. Now, in the particular case where /? = 1 the potential 
V obeys the Majumdar-Papapetrou relation for the Newton-Coulomb theory, the pressure vanishes, and the 
densities are related by the Majumdar-Papapetrou condition for the Newton- Coulomb theory. 



2. Relativistic charged fluids 

Here we set out the nomenclature related to the potentials for relativistic fluids. 

• In d spacetime dimensions, we use the same notation for the metric as in four dimensions, cf. Eq. ([S]), and 
the symbols for electric and fluid quantities are the same as in the Newton-Coulomb case. So, W is the metric 
potential related to the time coordinate, which can be interpreted as the relativistic gravitational potential, (fi 
is the relativistic electric potential, i.e., the only nonzero component of the electromagnetic gauge potential, 
Pm is the relativistic mass-energy density, p is the fluid relativistic pressure, pc is the relativistic electric charge 
density. 

• W — W{(j)) is the Weyl ansatz. Systems bearing this hypothesis are Weyl type systems. 
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• = a [—ey/Ud'P + b) + c is the Weyl-Guilfoyle relation, where a, b, and c are constant parameters. 

• W'^ = (— e + fe)'^ + c is the original Weyl relation, or simply Weyl relation. The Weyl relation is a 
particular case of the Weyl-Guilfoyle relation. 

• — (— e ^/Gd4> + b^^ , or W ^ —e ^/Gd4> + b, is the Majumdar-Papapetrou relation, a particular case of the 
Weyl relation. 



Here we set out the nomenclature related to the fluid quantities. For the densities the nomenclature is more 
complicated than for potentials, since it depends on whether there is pressure or not in the relativistic fluid. 



• When there is no pressure, the only possible static solutions satisfy the Majumdar-Papapetrou relation, and the 
fluid variables are related by the equation pc (— e\/Gd0 + fc) = ey/Gd PmW , which can be cast into the form 
Pc = e V Gd Pm ■ This equation between the densities is called the Majumdar-Papapetrou condition. 

• — When there is pressure, for W obeying the Weyl-Guilfoyle relation, the fluid quantities satisfy 



the condition ab = e^/Gd 



d-l , 
d-3 - 



p] W- 



Pn 



+ eVGd (a ~ 1) (0Pc — Wpcm), or equivalently, 
W, which is given here for the first time. This 



condition can be considered as an equation of state. 
When there is pressure, in the particular case where a = 1, W obeys the original Weyl relation and the 



fluid quantities are related by 6 pc = eVGd 



Pn 



d 

d-3 



w- 



, or equivalently, po (—ey/Gd4> + b) 



e\/G7 ip 



d-l 
d-3 ' 



p J W. This is called the Gautreau-Hoffman condition. 



— When there is pressure, in the particular case where a — I and c — 0, W obeys the Majumdar- 
Papapetrou relation, W = — e y/Gd 4> + b, and the fluid variables are related by Po {—^VGd4' + b) = 

ei/Gd ^Pm + or equivalently, po — ey/Gd ^Pm + This equation is a particular case of 

the Gautreau-Hoffman condition. 

In Q the expression alien matter was used to indicate anything other than charged dust. Here, since we treat 
charged fluids with pressure, the expression alien matter is generalized to indicate anything other than a charged fluid 
of Weyl type. When the pressure is zero one recovers the deflnition of 



The nomenclature will become clearer during the paper. 



C. Structure of the paper 



In Sec.|TT]a self-gravitating static charged fluid in Newtonian physics is analyzed. We set up the Eulerian formulation 
of fluid dynamics in n = (d — l)-dimensional Euclidean space. We then analyze the general properties of a charged 
static Newton-Coulomb zero pressure fluid, or charged dust, and state two theorems rendering into higher dimensions 
previous results in three-dimensional spaces by other authors. We perform an analysis of charged Newton-Coulomb 
fluids with nonzero pressure reporting new results and stating and proving four theorems. We define the total mass 
and total electric charge in terms of the respective densities and find a mass-charge relation for Newton-Coulomb 
Weyl type fluids in (d — l)-dimensional Euclidean spaces. 

In Sec, mil a self-gravitating static charged fluid in general relativity is analyzed. The general formalism and set up 
is presented, followed by a study of a zero pressure charged fluid, or charged dust, where two theorems are stated and 
proved, rendering into higher dimensions results by Majumdar Papapetrou Das 0], and De and Raychaudhuri 
Q. The study of a relativistic charged pressure fluid of Weyl type is divided into six parts. In the first part the 
basic equations are written and general results are reported. A theorem rendering into higher dimensions some results 
obtained in d = 4 by Guilfoyle is stated there. In the second part the Weyl ansatz is imposed and its consequences 
to the relativistic fluid are analyzed. Another theorem rendering into higher dimensions some other results obtained 
in d = 4 by Guilfoyle [9|] is stated in this part. For a Weyl-Guilfoyle relation, a generalized condition obeyed by 
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the mass density, pressure, electric charge density, and electromagnetic energy density of a fluid in four and higher 
dimensions is found. This is done in the third part where a new theorem is proved. The fourth part contains the 
same new theorem on Weyl type fluids in d-dimensional spacetimes, the proof being now inspired in the work by De 
and Raychaudhuri Q. In the fifth part wc study spherically symmetric Weyl type systems and compare with the 
work in four dimensions done by Guilfoyle [9J. In the sixth part an analysis is performed where we show that the 
relativistic Weyl type charged pressure fluids have a correct Newtonian limit consistent with what was found in Sec. 
im Then closing Sec. lIIIl the mass and charge definitions for relativistic Weyl type fluids in asymptotically Tangherlini 
spacetimes are given, and the particular case of spherical symmetry is studied in some detail. 

In Sec.|lV]we finally state our conclusions. 



II. NEWTON-COULOMB CHARGED FLUID WITH PRESSURE IN d = n + 1 SPACETIME 

DIMENSIONS 



A. Basic equations 



Consider a d-dimensional Newtonian spacetime, with the number of space dimensions n being n = d — 1. Let 
us study the dynamics of a gravitating Newtonian charged pressure fluid in a (d — l)-dimensional Euclidean space 
according to the Euler description. The basic equations are the continuity and the Euler equations, which may be 
written as 

^ + V.(p„,.0=O, (8) 

Pn^~g^ + ^j^' + ^iP = -Pni^iV - Pc^iCj) , (9) 

where t is the time coordinate, Vi is the (d — l)-dimensional gradient operator. The fluid quantities appearing in 
the above equations are, the (d — l)-dimensional fluid velocity Vi, the matter density p^n, the electric charge density 
Pe, and the fluid pressure p. Finally, V and (f> are respectively the Newton gravitational and the Coulomb electric 
potentials, given by the respective Poisson equation 

W 5'd-2 Gd Pm , (10) 

= -S-d-a Pc , (11) 

where the operator is the Laplace operator in (d— l)-dimensional Euclidean space, Sd-2 = 27r('^^^)/^/r((d — l)/2) 
is the area of the unit sphere S"^"^, F is the usual gamma function, and Gd is the Newton's gravitational constant in 
d dimensions. S'd-2 reduces to Att in three space (four spacetime) dimensions, and Eqs. pU]) and pT|) are the natural 
generalizations of the corresponding three-dimensional Poisson equations for the potentials V and to (d — 1)- 
dimensional space. 

We will consider only static systems, so all of the quantities are functions of the space coordinates only, and the 
fluid's velocity can be made equal to zero, Vi — 0. Then, the continuity equation is identically satisfied and the Euler 
equation for the charged pressure fluid in static equilibrium reads 

PmV^y-f PeVi(/)-HViP = 0. (12) 

The important equations for the problem are Eqs. (fTUl) - p^ . Eqs. ^TU\i and (|lip are the field equations that determine 
the gravitational and the electric potentials once the mass and charge densities are given, while Eq. is the 
equilibrium equation for the system. Some particular cases of these equations are considered below. 



B. Zero pressure: Weyl type systems in the Newton-Coulomb theory and the Bonnor theorem in higher 

dimensions 

A special but very interesting case of charged matter is the dust fluid, for which p = 0, where Eq. ([55]) reduces to 

V,y+-^V,</) =0. (13) 

Pm 
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From Eq. (jl3p we can render into (d — l)-dimensional spaces a theorem by Bonnor in d = 4. Bonnor himself was 
inspired in the relativistic analysis by De and Raychaudhuri Q. 

Theorem II. 1. (Bonnor 1980) 

For any charged static dust distribution in the Newton- Coulomb theory, the (d — 2) — dimensional hypersurfaces of 
constant V coincide with the (d — 2)— dimensional hypersurfaces of constant (j), and V is a function of 4> alone. 

Proof. Note that V and (j) are scalar functions in a (d — l)-dimensional Euclidean space, so any one of the conditions 
of constant V or (j) defines a (d — 2)-dimensional space. Now contracting Eq. ([13]) with dx^ it gives pai (Vi V)dx'^ + 
Pe (Vi (j))dx'^ = 0, which means Pm dV + padcj) = 0. This equation implies that if any one of dV or d(f) is null, then 
both of them are. In other words, it results dV/d(f) = —pc/Pm, which means that dV/dcj) = dV/d(j). □ 

This results means that for a Newton-Coulomb charged dust fluid in which p — Q there is a functional relation between 
the gravitational potential V and the electric potential <j): 

V = V{cj)) . (14) 

Eq. is the Weyl ansatz which tells also that and V share the same equipotential surfaces. Theorem pi.lj) is the 
(d — l)-dimensional version a theorem by Bonnor Q in three-dimensional space. The theorem by Bonnor ^] is the 
Newtonian version of a theorem stated by De and Raychaudhuri for four-dimensional relativistic charged dust fluids 
(see SecElBl). The inclus ion of pressure for relativistic fluids was done by Guilfoyle (see Sec. IIII C 1|) . 

We then work out the basic equations for the dust fluid case using the general form (fT4|) . To begin with, let us 
rewrite Eq. (fTU|) by taking the Weyl ansatz ITU) into account. It assumes the form 

V'V^4> + V" (V, 4>f = ^d-2Gd Pm , (15) 

where the primes stand for derivatives with respect to cj). Of course, Eq. pip does not change form. On the other 
hand, the equilibrium equation (|12p now reads 

Pm r + Pe = . (16) 

Substituting p,n from the last equation, Eq. HH), into Eq. US]), we find {V'f ^ + V" (V, cfyf = -5d-2G'd Pe • 
Then with the help of Eq. (HI]) we find 

\V' 2 - Gd\V^(l> + V V" {Vi(t)f = . (17) 
This equation can be cast into the form 

ZV, (ZVV)=0, (18) 

where we have assumed > and defined 

Z^^JV'^- Gd , (19) 

and, otherwise, iiV^ — Gd < 0, one just needs to redefine Z as Z = Gd — V ^ . Now we can state a theorem rendering 
into higher dimensions a theorem by Bonnor Q in tree-dimensional space. The analysis by Bonnor is inspired in the 
relativistic analysis of Papapetrou Q , Das Q , and De and Raychaudhuri 0] . 

Theorem II. 2. (Bonnor 1980) 

(i) In the Newton- Coulomb theory, if the surfaces of any static charged dust distribution are closed equipotential 
hypersurfaces and inside these hypersurfaces there are no singularities, holes or alien matter, then the function V{(j)) 
must satisfy the relation 



y = -eVGd + 7, (20) 
with 7 being an integration constant, and in such a case it follows that 

Pc = <^\/G^Pm- (21) 

(ii) In the Newton- Coulomb theory, if the ratio pd Pm equals a constant K, and there are no singularities, holes, nor 
alien matter in that region, then it follows the relation (I20p for the potentials, and also K = €\/Gd. 
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Proof. The proof of (i) is as follows: Assuming Z ^ 0, one obtains V, (^ZV^4>) = 0. Then define a new field ip by 
V'V' = ZV^cj), which due to Eq. (|18p is divergenceless, i.e., V^V = 0- Now integrate the quantity Vi (^V'f/') over a 
finite volume Vs in (d — l)-diniensional space to get 

/ V, (i/'VV) dV^ I {^ri'f dV = / V (ViV) (22) 

Jvs JVs JS 

S being the boundary of Vs, is the unit vector normal to S, and we have used the Gauss theorem. If there exist a 
closed surface which is an equipotential surface for 0, then by identifying such a surface with S one finds 

/ {\/^i:fdV^| (Vj0)^ dV = 0. (23) 

JVs JVs 

Since the integrand is a positive definite function in which Vi0 =/= 0, the integral in Eq. (j23p gives zero only if Z = 
everywhere within the region bounded by S. The condition Z = implies in V' — — e\/Gd, with e = ±1. This 
result substituted into Eq. furnishes Eq. (PT|) and after integration it gives Eq. (PO)) . completing the proof of (i). 
The given proof follows standard proofs in potential theory where the uniqueness of the solutions of Poisson equation 
under Dirichlet or Neumann boundary conditions is discussed. The proof of (ii) is as follows: Assuming the ratio 
Pc/Pm is constant, then Eq. (|16p implies V = constant and from (fTS]) one gets ZS/^(j> — 0- Since, in view of Eq. 

0, this leads to Z = 0, or V'^ = Gd, resulting the same relations among V and cj), and among p,n and pm as in 
Eqs. (HOI) and dUl) above. □ 

The results just presented generalize the theorem by Bonnor to (d — l)-dimensional spaces, which is the Newtonian 
version of the results found in part by Papapetrou @, in part by Das [&|, and fully by De and Raychaudhuri Q 
(see Sec. IIIIB|) . Eqs. ([20)) and (|2T|) are called the Majumdar-Papapetrou relation and the Majumdar-Papapetrou 
condition, respectively. 



C. Nonzero pressure: Weyl type systems in the Newton-Coulomb theory and new theorems in higher 

dimensions 



1. Static charged pressure fluid: General properties 



Equation can be written in terms of total derivatives. For contracting it with dx^ yields pm (V^ V)dx'^ + 
Pe (Vi (/))dx* + {y ip)dx'^ = 0, or dV + pc d4> + dp = 0. This implies that V, 4> and p are functionally related, viz, 
p — p(F, (/)), with p,„ = — (dp/dV)^ and pe = — {dp/d(j))y. With this, we can state a theorem, whose relativistic 
version in four dimensions can be found in Guilfoyle Q. 

Theorem II. 3. (Newtonian version of Guilfoyle 1999) 

For any static charged pressure fluid in the Newton- Coulomb theory, if any two of the (d — 2) — dimensional hypersur- 
faces of constant V , (j), or p coincide, then the third also coincides. 

Proof. First observe that V , <j) and p are scalar functions in a (d — l)-dimensional Euclidean space, so any one of the 
conditions of constant V , (j), or p defines a (d — 2)-dimensional space. Moreover, from the continuity equation one 
gets p„i dV + Pc d(j) + dp — 0. This equation implies that if any two of dV, d4>, or dp are simultaneously null, then all 
of them are null. □ 

Theorem III . 31 generalizes theorem III. 1[ since one is now including pressure. For d = 4 it corresponds to the Newtonian 
version of a theorem by Guilfoyle on relativistic charged pressure fiuids of Weyl type (see Sec. IIII C[) . Further 
consequences of this theorem are explored next. 
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2. Weyl and Majumdar-Papapetrou relations for generic pressure in the Newton- Coulomb theory in higher dimensions 



Doing for d-dimensional Newtonian gravitation what Weyl did for general relativity |3| even in the presence of 
matter with pressure, assume a functional relation between the gravitational and the electric potential, as in Eq. (jl4p . 
V = V{4i). With this ansatz, that we call here the Weyl ansatz, Weyl originally worked out the Einstein-Maxwell 
vacuum equations that would follow and found that the relativistic potential is a quadratic function of the electric 
potential. Doing the same here in Newtonian gravitation, we find that the ansatz p^ . when substituted into Eqs. (fTTj) 
and (llOp . gives in vacuum, — 0, p — 0, and pc = 0, that , V" = 0, i.e., 

y(0)--e/3VG7</' + 7- (24) 

where /3 and 7 are arbitrary constants. This is the Weyl relation for the Newton-Coulomb theory in vacuum. When 
(3=1 one has V{(j)) = — e VGd + 7 , which is the Majumdar-Papapetrou relation, see Eq. pp)) . In [131 it was stated 
that the Weyl and the Majumdar-Papapetrou relations are the same in the Newton- Coulomb theory, but this is only 
true for (3=1. In fact, /3 7^ 1 is important when one considers systems with pressure. 

Let us now work out the basic equations for matter with nonzero pressure using the Weyl ansatz ([T4| . It is 
convenient to analyze first Eq. which now reads (pm V + pc) Vi </)-!- V^p = . It follows that p is also a function 
oi 4>, p = p{((>). So, the two fields V and (j) have the same equipotential surfaces, which are also surfaces of constant 
pressure. Since we consider Vi (/) 7^ 0, Eq. (|12p is then equivalent to 

Pra V'+p,+p' = 0. (25) 

where again the prime stands for the derivative with respect to (p. Let us now state these results in a compact form. 
Theorem II. 4. (Newtonian version of Guilfoyle 1999) 



(i) If the Newton- Coulomb charged pressure fluid is of Weyl type and is in equilibrium, then the equipotentials are 
also hypersurfaces of constant pressure, and vice-versa. 



(a) If the Newton- Coulomb charged pressure fluid is of Weyl type and is in equilibrium, then either the pressure 
gradient vanishes at the surface of the fluid or the surface is an equipotential. 



Proof. Using the Weyl ansatz V = ^^((/>) and the equilibrium equation we have (pm V + pc) dcj) -\- dp = 0. Then 
the hypersurfaces of constant and V coincide, and theorem III. 31 implies the third, of constant p, also coincides. On 
the other hand, a surface of constant p implies d(j) = 0, and thus it is also a surface of constant and of constant V . 
This proves (i). To prove (ii) we note that continuity conditions establish that the pressure is zero at the surface of 
the fluid, which means it is a surface of constant pressure, dp = {\7ip)dx^ = 0. Then, unless the pressure gradient 
vanishes at the surface, V^p = for all i, by (i) the surface of the fluid is an equipotential surface. □ 



Guilfoyle [9| has shown an analogous theorem for relativistic charged pressure fluid of Weyl type in four-dimensional 
spacetimes. The above theorem III. 41 is the Newtonian version of Guilfoyle's theorem extended to higher dimensional 
spaces (see Sec. IIIIC"2]) . 

Now we rewrite the basic equation on basis of theorems III. 31 and III. 41 From Eqs. (fTTj) and (fTO|) . together with (|25p . 
we can find an equation for in terms of V' and p': 



+ V V" (V, , 



-Sd-2 GdP ■ 



(26) 



Once V{((>) and p((/>) are supplied, this is the final equation to be solved for 0. Such an analysis, however, is not done 
in the present work. 



3. New theorem in four and higher dimensions and the Weyl- Guilfoyle relation: following Gautreau- Hoffman 



We turn once again to Eqs. (fTO|) and pT|) and observe that multiplying the second of those equations by — e (3y/Gd, 
with e = ±1 and /? being an arbitrary parameter, and subtracting the result form the first equation we get 

V^(v + e(3y^^-j')=Sd-2VG^(VG^Pm-ePp,) , (27) 
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where 7 is a constant. Now, if 1^ + e P\/Gd 4> — 7 = everywhere inside matter, it follows that pc is proportional 
to Pin, and, conversely, assuming the right-hand side of Eq. ^27\ is zero, i.e., if pc is proportional to pm, then 
(y + e(3y/G2(f) = 0. Thus one can state the following theorem: 

Theorem II. 5. (New) 

(i) In a Newton- Coulomb charged pressure fluid, if the potentials are such that V + e (3^ Gd (j) ~ 1 — ^! with constant 
(3 and 7, then it follows the condition 

/3pe = ev^Pm. (28) 



(ii) In a Newton- Coulomb charged pressure fluid, if the ratio Pc/Pm equals a constant and there is a closed surface, 
with no singularities nor alien matter inside it, where V + e^^/Gd 4> — 7 vanishes, then it follows 

V = -eP^/G'd4> + i (29) 

everywhere. 



Proof. The proof oi (i) follows straightforwardly from Eq. (P7)l . because the hypothesis of the theorem implies that 
the right-hand side of such an equation must be zero. For (ii), we take pd Pm = eV Gd/ P, with constant /3, and then 
Eq. (HZl) imphes in -t- e/3y/G^(l) - 7) = 0. Let F = e iSVC^cj}- 7, so that V^F = 0. Hence, in view of this 

condition one has Vi (FV'F) = (V^F)'^. Integrate this equation over a volume V5 in (d — l)-dimensional space to 
get 

/ Vi (FV'F) dV ^ ( [y^Ff dV = [ F (ViF) n'dS , (30) 

Jvs Jvs Js 

S being the boundary of V5, n* being the unit vector normal to S, and the Gauss theorem has been used. If there 
exist a closed surface on which F vanishes, then by identifying such a surface with S one finds / (W^Ff dV = 0, 

which is satisfied only if ViF — everywhere inside S. This means F = constant everywhere in the region bounded 
by S and the stated result follows. □ 



Our theorem III. 51 is a Newtonian version of the results we find in the relativistic section (see Sec. IIII C 31) . Our 
relativistic theorem for fluids obeying a Weyl-Guilfoyle relation, in turn, was inspired on the analysis by Gautreau and 
Hoffman [8], who studied relativistic charged pressure fluids obeying a Weyl relation in four-dimensional spacetimes. 
Equation may be thought as the most general condition relating the densities and the pressure in the Newton- 
Coulomb theory with matter for fluids obeying a Weyl type relation. We call it the Gautreau-Hoffman condition 
for the Newtonian theory. Note also that Eq. (|29p is identical to the Weyl relation for the Newton-Coulomb theory 
in vacuum, given by Eq. (j24p . However, upon comparison with the relativistic case, it is found that it is also a 
Weyl-Guilfoyle relation, so, in the case of pressure, it can be said that the Weyl and the Weyl-Guilfoyle relations 
coincide in the Newtonian case. Unlike the relativistic case, the most general relation between potentials in the 
Newton-Coulomb theory, coincides with the relation obtained in vacuum. When one puts (3 — 1 in Eqs. (|28p - (P^ one 
gets the Majumdar-Papapetrou condition and relation, respectively. As we will see /3 = 1 means no pressure, while 
arbitrary [3, (3 ^ \, implies fluids with nonzero pressure. 



4.. The same new theorem as last subsection: following Bonnor-De-Raychaudhuri 



We now proof in a different way the theorem stated in the last subsection. Here we follow Bonnor , who in turn 
followed the relativistic theorem of De and Raychaudhuri [7]. Indeed, the result found above can also be obtained 
following the Bonnor approach [2|], in which the equilibrium equation is used as a subsidiary condition. As we shall 
see below, this strategy brings the pressure into play and, after some hypotheses concerning the relation among the 
pressure gradient and mass and charge densities, a result that is similar to theorem III. 51 is found. 

Notice that Eq. (^5)) displays explicitly an analogy between the pressure gradient p' and the charge density po, 
in fact Pc can be considered as some sort of pressure gradient, both act as to balance the gravitational attraction. 
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Such a similarity becomes even more striking by substituting pm from the last equation, Eq. p5)) . into Eq. ((TO)) . to 
find V^F = {V'f + V" (Vi 0)^ = -S'd-2 (Pe + p')- Thus, the derivative of the pressure with respect to the 
electric potential cf) acts as a source for the electric field, in much the same way as the charge density does. It is then 
natural to assume a relation in the form p' = XPe- However, since the Weyl ansatz tell us that the potentials 
V and cf> are related to each other, so are the charge and mass densities. It is then reasonable to try a more general 
relation among p', and pm- Namely, 

p' = XPc + AFV,„, (31) 

X and A being arbitrary functions of the coordinates. After this definition, using Eqs. (fTT|) . (fT5|) and (|26p one finds 
[(1 + X)V'^ - (1 + x) Gd] + (1 + A) V V" C^^(t>f = . This equation can be cast into the form 



ZpV, (ZpW) = -- (V'^X' - Gdx' (V,(/.)' , (32) 



where we have defined 



Zp = V(1 + A)V'2- (1 + x) Gd . (33) 



Since a complete analysis of the general solutions to Eq. p2l) for arbitrary A and x is not an easy task, here we will 
study some particular cases and leave the general case to be considered in future work. 

Consider thus the particular case of a charged pressure fluid satisfying (|3ip with constant x and A. This condition 
implies x' = and A' = 0, and from Eqs. ([25]) and (|32p we get 

(1 + A) Pin 

ZpV, (ZpW) =0. (35) 

From this we can prove statements that generalizes theorem lII.2l to include pressure, and whose results are equivalent 
to what was found in connection to theorem III. 51 

Theorem II. 6. (Same as theorem \II.5[ following other path) 

(i) If the surfaces of any Newton- Coulomb charged pressure fluid distribution are closed equipotential hypersurfaces 
and inside these hypersurfaces there are no holes, singularities or alien matter, and the fluid is of Weyl type, whose 
pressure satisfies the condition given in Eq. (I3ip with constant A and x, then the relations 



V = -eJ-^Gi^ + j, (36) 




Pc ^ <^\l T^-—Gd Pra, (37) 

with constant X, 7 and x, hold everywhere inside the fluid distributions. 

(ii) In a Newton- Coulomb charged pressure fluid, if the relation between mass and charge densities is as in Eq. (j37p . 
with constant X and x, o,nd there is no singularities nor alien matter in the considered region, then the relation 
holds. 



Proof. First we show that, with the above conditions, Zp must be zero. This is done by following the same reasoning 
as in the case of Theorem 111.21 where now the new field V' is defined by Wiip = ZpVi(j), with Zp given by Eq. (|33p . 
Once it is proved that Zp = 0, which means (1 + X)V'^ — Gd(l + x)i Eq- (ESI) is obtained by direct integration of this 
result, while Eq. ([57]) follows from this and from Eq. ([M|) . This proves (i). The proof of (ii) is equivalent to Theorem 
III.2l ^M j and we do not give it here. □ 



This theorem III. 61 is inspired in the analysis of a relativistic charged dust fiuid in four-dimensional spacetimes by De 
and Raychaudhuri Q (see Sec lIIIB]) . It generalizes theorem lII.2l to include pressure, which in turn generalizes results 
by Bonnor j2|] for a charged pressureless Newton-Coulomb fluid in d = 4. 
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As seen above, in order to have nonsingular solutions of Weyl type in (d— l)-dimensional Euclidean spaces filled by 
charged matter with pressure satisfying the condition dp/d<p = xPe + ^V Pmi with constant x and A, the function V{(f)) 
must be a linear function of (j). Moreover, the ratio between mass and charge densities is a constant. As expected from 
Theorem 111.21 the case x = ^ gives pc = \/Gd Pm and the result is the dust fluid p — 0. These results are essentially 
the same as what was found in connection with thcorcm lll.Si but now we have a two parameter solution, one of them 
connecting the pressure to the charge density and the other one relating the pressure to the mass density. To see that 

explicitly define f3 = -jij to find that the relations ([5^ and ([57]) reproduce, respectively, Eqs. and (|28p . the 

corresponding results of Theorem lII.51 The two parameters x and A are convenient for the comparison of the present 
results with the relativistic case. 

A consequence of the above analysis is that the pressure gradient p' is proportional to the charge density (or to the 
mass density). Moreover, if the fiuid satisfies the Majumdar-Papapetrou relation for the potentials, the pressure is 
zero. This can be stated as a corollary to Theorems III. 51 and IIII.6I 

Corollary II. 7. (New) 

For any static charged pressure fluid distribution in the Newton- Coulomb theory, if the potentials V and (j) satisfy the 
relation (j29p . or equivalently, the relation (j36p . then the pressure is given by 



P^e^{l-p^) Jp^(cP)d<P+po ^eJ^^^±^Gd J PnM dcj> + Po , (38) 
Pq being an integration constant, and in the case 0^ — \, or equivalently, in the case \ — x, the pressure is zero. 

Proof. Consider the equilibrium equation in the form of Eq. (|25D , and use the fact that from Theorem III. 51 one has 
V = -el3 V^T and pe = e PVG^Pm, to find p' = (/J^ - l) = -e ^ [p^ - l) which integrates to □ 

In the case = 1 the pressure equals a constant, which in the Newtonian theory is equivalent to zero pressure, 
in accordance to Theorem III. 21 This result corresponds to the Newtonian limit of the relativistic relation between 
pressure and the metric potential for a charged fluid satisfying the Majumdar-Papapetrou relation for the potentials, 
cf. Corollary Unjl 

All of the fluid quantities can now be given in terms of only one variable, the mass density, for instance, and with 
only one free parameter. Once the mass density pm is specified, the gravitational potential is determined by the 
Poisson equation, S/^ V — Sd-2 G pm and all of the other quantities follow from V and pm- 



D. The mass and charge, and the mass-charge relation of the global solution 



For completeness and for comparison with the relativistic theory let us define mass and charge in the Newton- 
Coulomb theory. These quantities are obtained by integration of the respective densities over the whole volume of 
the source Vs 

m = S'd-2 / Pm dV , (39) 
Jvs 

q = / PcdV. (40) 

For zero pressure, Eq. (pij) implies that the total mass and total charge of the source are proportional to each other. 
For Weyl type fluids with nonzero pressure, m and q are proportional only in the case where dp/ del) is constant. In 
such a case, one has the mass-charge relation 

/3g = e/G7TO, (41) 

which follows from Eq. (|28|) . 
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III. GENERAL RELATIVISTIC CHARGED FLUID WITH PRESSURE IN d SPACETIME 

DIMENSIONS 



A. Basic equations 



Einstein-Maxwell equations in d spacetime dimensions are written as 



d_-2 

d-3 

V.F^'^ = Sd-2 J'' , (43) 



— — :7 S'd-2Gd + Efj^) , (42) 



where Greek indices /i, v, etc., run from to d — 1. G^^ = i?^,^ — \g^uR is the Einstein tensor, with R^^ being the 
Ricci tensor, g^i, the metric, and R the Ricci scalar. S'd_2 and have the same definitions as in the Newton-Coulomb 
theory (See Sec. Iff Al see also [27]). We have put the speed of light equal to unity throughout. Note the singular 
behavior of the lower dimensional cases, d = 2 and d = 3, which shall not be treated here. E^^ is the electromagnetic 
energy-momentum tensor, which can be written as 

S^^2 E^, = F/F,p - ^g^.Fp^FP" , (44) 

where the Maxwell tensor is 

Ff,^ = V^A^ ~ V^^^ , (45) 

being the covariant derivative, and ^4^ the electromagnetic gauge field. In addition, 

Ji. ^P.Vy.. (46) 

is the current density, is the d-dimensional electric charge density, and f/^ is the fluid velocity. T^^ is the material 
energy-momentum tensor given by 

Tyiv = {pm + p) Uf_,Ui, + pgf_,^ , (47) 

where p^ is the fluid matter energy density in the d-dimcnsional spacetime, and p is the fluid pressure. 

We assume the spacetime is static and that the metric can be written in the form 

ds^ = -W^dt^ + h,jdx'dx\ i,j = l,....,d- 1, (48) 

a direct extension of the Majumdar-Papapetrou metric to extra dimensions. The gauge field and four-velocity C/^ 
are then given by 

A, = -q^Sl, (49) 

U^^-WSl- (50) 

The spatial metric tensor hij, the metric potential W and the electrostatic potential (j) are functions of the spatial 
coordinates x"^ alone. Initially, we are interested in the equations determining the metric potential W and the electric 
potential </>. These are obtained respectively from the tt component of Einstein equations ((42|) and from the t 
component of Maxwell equations . Such equations give 

= ^ (V,0)' + 5d-2 Gd W (^p.n + ^P^ , (51) 

V20-ipV,VKVV = -5d-2VKpe, (52) 

where Vi denotes the covariant derivative with respect to the coordinate a;*, with connection coefhcients given in 
terms of the metric hij . 

Eqs. ([?T|) and determine the potentials W and cj) in terms of a set of unknown quantities. Namely, the 
(d — l)(d — 2)/2 spatial metric coefficients hij and the fluid variables, energy density /o„i, electric charge density pc, 
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and pressure p. There are exactly (d— l)(d— 2)/2 additional equations that come from the Einstein equations, which 
in principle determine the /i^j metric components in terms of Pm, p and Pe- Hence, to complete the system of equations 
it is necessary to provide the energy and charge density functions, p„i and pc, and also to specify the pressure p or 
an equation of state for the fluid. In the present analysis, we will not need the explicit form of the space metric hij 
and so the corresponding Einstein equations will not be written here. Additional equations that can be used are the 
conservation equations, V^T^'^ = 0, which are sometimes useful in replacing a subset of Einstein's equations. In the 
present case the conservation equations yield 

(Pm+P)^+Pc^+V.p=0. (53) 

This is the relativistic analogue to the Euler equation, and carries the information of how the pressure gradients 
balance the equilibrium of the system. It also shows that p, W and </> are functionally related, e.g., p = p{W,(j)), or 
W = W{p, <j>). 



B. Zero pressure: Weyl type systems in the Einstein-Maxwell theory and the De-Raychaudhuri theorem in 

higher dimensions 



A special interesting case of charged matter is the dust fluid, for which p = and Eq. ((53)) reduces to 

V^W + = 0. (54) 

Pm 

Given Eq. (|54p , we can render into d dimensions a theorem stated in four dimensions, in part by De and Raychaudhuri 
0, and fully by Guilfoyle 0] where pressure is included. The theorem is the relativistic version of our Newtonian 
theorem lll.li which in turn generalizes a theorem by Bonnor . 

Theorem III.l. (De-Raychaudhuri 1968, Guilfoyle 1999) 



For any charged static dust distributions in the Einstein- Maxwell theory, the (d — 2) — dimensional hypersurfaces of 
constant W coincide with the (d — 2) — dimensional hypersurfaces of constant (f>, and W is a function of (p alone, 
W = Wi(j}). 



Proof. First observe that even though W and 4> are scalar functions in a d-dimensional spacetime, since they do not 
depend upon time, each one of the conditions of constant W and (p indeed defines a (d — 2)-dimensional hypersurface. 
Moreover, from the conservation equation one gets pm dW + pc = 0. This equation implies that if any one of 
dW or dip, are null, then both of them are. It also results in dW/d(p = — Pc/pm and the theorem follows. □ 



The result just stated ensures that in presence of static dust fluid distributions the Weyl ansatz p4)) is not necessary, 
it is a consequence of the equilibrium equations. 

It is now convenient to rewrite the preceding equations taking the condition W — W{(p) into account. With this, 
Eqs. ([ST]) and (l52|) read, respectively. 



'V72 i , ( jjrl' 



W'V'c^ + [W" - ^ j (V,^)' = 5d-2 Gd Wp^, (55) 

- ^ (V,0)' - -5d-2 Wp, , (56) 
dW d'^W 

where we have defined W' — — — and W" — . Substituting the functional relation W = W{(p) into the 



W'^~^. (57) 



conservation equations ([54)1 it follows 
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The basic system of equations to be solved is now composed of Eqs. ((55)) . (|56)) . and (|57|) . Such a system can be 
thought of as determining the fluid variables /Om, and Po once the potentials and metric functions are known. On the 
other hand, pm and may be eliminated from Eqs. l[55|l. (|56| and (|57|) to obtain 

ZVi(ZV>)=0, (58) 

where 



Z=-\/W-Gd. (59) 

Eq. (j58p has the same form of Eq. mi) (see and also Q)- Hence the conditions of Theorem III. 21 hold here, and we 
can render into d-dimensions a theorem initiated in part by Papapetrou , and stated in part by Das [i| and in part 
by De and Raychaudhuri 0. 

Theorem III.2. (Das 1962, De- Raychaudhuri 1968) 

(i) In the Einstein-Maxwell theory, if the surfaces of any charged dust distribution are closed equipotential hypersurfaces 
and inside these hypersurfaces there are no holes or alien matter, then the function W{(f>) must satisfy the relation 

W ^ -ey/G^(j) +b, (60) 
with b being an integration constant, e = ±1 as before, and in such a case it follows 

Pc = e\/G7pm- (61) 

(ii) In the Einstein- Maxwell theory, if in a spacetime region the ratio pd Pm equals a constant K, and there are no 
singularities, holes or alien matter in that region, then the relation ()60|) for the potentials follows, and also K = e^/Gd- 



Proof. The proof of (i) is obtained by defining a new variable tp, such that VV = ZV-cf), with Z given by Eq. (|59p . 
Following the same steps as in the case of the Newtonian Theorem III. 2 1 (i) it can be shown that Z must be zero. 
Then Eqs. ([SO]) and ([CT|) are obtained immediately. The proof of (ii) follows once we assume that the ratio Pc/pm is 
constant, and use Eqs. ([57)) and (|5^ . Then Z = 0, resulting the same relations among W and 4>, and among p^ and 
Pc as in Eqs. (|60)) and (|6T)) above. □ 



Papapetrou found the relation ()61|) by assuming a priori the relation between the potentials to be a perfect square, 
= {—ey/Gcjy+l)^. The theorem stated by Das Q assumes a priori that the level surfaces are the same W = W{(f>), 
which is not necessary according to Q , see also our theorems III. II and III. 21 for the Newton-Coulomb theory. 



C. Nonzero pressure: Weyl type systems in the Einstein-Maxwell theory and new theorems in higher 

dimensions 

1. Relativistic static charged pressure fluid: General results 

As in the Newton- Coulomb case, Eq. ()53p can be written in terms of total derivatives. For contracting it with dx^ 
yields (p„i + p) (V^ W)dx^ -\- p^ (V, (^)da;' -\- W (Vi p) dx' = 0, or (p,„ -f p) dW -\- pcdcj) -\- W dp = 0. This implies that 
W, 4> and p are functionally related, and we can state a theorem rendering into d spacetime dimensions a result by 
Guilfoyle in d = 4 

Theorem III.3. (Guilfoyle 1999) 

For any static charged pressure fluid in the Einstein- Maxwell theory, if any two of the (d — 2) — dimensional hypersur- 
faces of constant W , (f>, or p coincide, then the third also coincides. 

Proof. As shown above (see Theorem IIII.ip the conditions of constant W, cj), or p defines a (d — 2)-dimensional 
hypersurface. Moreover, from the conservation equation ()55)) one gets (pm + p) dW -\- Pe d(j) -\- W dp = 0. This 
equation implies that if any two of dW, d(j), or dp are simultaneously null, then all the three are. This proves the 
theorem. □ 
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A further interesting consequence of the conservation equation is that, thinking of p as a function of W 
and (j), and observing that Eq. imphes in dp — —{pra+p)dW/W — Pcd(j)/W, we find (dp/dW)^ — 

— {pni+p)/W, and {dp/d(j))y^ = — pc/W. Comparing to the Newton- Coulomb case, these relations confirm the 
fact that in relativistic theory the pressure itself acts against the pressure gradient, as the energy density, and that 
there are extra couplings between energy and charge densities to the gravitational (metric) field. 



2. Weyl and Majumdar-Papapetrou relations for charged pressure fluids in higher dimensions 



Doing in d-dimensional spacetimes what Weyl did in four-dimensional general relativity \§\ even in the presence 
of matter with pressure, we make the assumption on Einstein-Maxwell charged fluids in d-dimensional spacetimes of 
being Weyl type fluids, where the metric potential gtt = —W^ is a functional of the gauge potential cj), W = W^(0), 
that we call here the Weyl ansatz. With such an ansatz, Eqs. ((5T|) and ([52|) read, respectively. 



r'v72A , / w" ,^ :.2 ^ „ „, / d-1 



W'V'(t> + [W" - j {V,(t>r = Sd-2 Gd W [^pn, + j-^ pj , (62) 
V^c/. - — (V,0)' = -Sd^2 Wp, . (63) 

For completion, and for comparison to the Newton-Coulomb case, let us write here the result of the d-dimensional 
Weyl ansatz in vacuum (see [l3, US])- Taking into accomit the conditions pm = 0, p = 0, and pc = 0, Eqs. ((5T|) and 
^ give W W" + W'^ - Gd = 0, i.e., 

1^2(0) ^ (_e^G70 + 6)' + c, (64) 

where h and c are constant parameters. This is the d-dimensional version of the original Weyl relation, which is the 
analog of Eq. ([24|) in the Newton-Coulomb theory. For c = one gets, W = —e y/Gd ((> + b which is the Majumdar- 
Papapetrou relation, see Eq. (j60p . We shall now work out the basic equations for relativistic matter with nonzero 
pressure using the Weyl ansatz W = W{(p). From Eq. ([55)) one has p = {W, (f) and, by assuming further that is a 
function of alone, it follows from Theorem IIII.3I that the pressure p is also a function of the electric potential only, 
p =p(0). Hence, Eq. ([55]) may be written as 

(p.+p)^ + ^+p' = 0. (65) 

We may now state more formally these results. In d = 4 this was shown by Guilfoyle 0. 
Theorem III.4. (Guilfoyle 1999) 

(i) If the Einstein- Maxwell charged pressure fluid is of Weyl type and is in equilibrium, then the equipotentials are 
also hypersurfaces of constant pressure, and vice-versa. 

(a) If the Einstein- Maxwell charged pressure fluid is of Weyl type and is in equilibrium, then either the pressure 
gradient vanishes at the surface of the fluid or the surface is an equipotential. 

Proof. A relativistic Weyl type fluid satisfies the relativistic Weyl ansatz W = W{(t)) and Eq. holds. From that 
equation we have (p,n + p)dW -\- Pcd(f> -\- Wdp = 0. Then since the hypersurfaces of constant W and coincide, 
Theorem IIII.3I implies the third, the one of constant p also coincides. Conversely, a surface of constant p implies 
d4> = 0, and thus it is also a surface of constant and of constant W. This proves (i). To prove (ii) we first note 
that junction conditions establish that the pressure is zero at the surface of the fluid, which means it is a surface of 
constant pressure, dp = {Vip)dx'^ = 0. Then, unless the pressure gradient vanishes at the surface, ViP — for all i, 
hy (i) the surface of the fluid is an equipotential surface. □ 

We now go back to Eqs. (|62p - (p5|) . and use them to eliminate and pc in terms of the other quantities. The 
resulting equation, that can be though of as an equation for p, may be cast into the form 



^5d-2Gd Ty2(d-2)/(d-3) (^^-2/(d-3) ^ (gg) 
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where Z is given by (|59|) . Usually, a relativistic charged fluid problem is completely set out once we furnish the energy 
and charge densities, and an equation of state for the fluid. However, as it can be seen from Eq. ([M)) . for a Weyl type 
system, the problem is in a position to be solved once the pressure gradient p' and the metric potential W are given 
in terms of </). In such a case, Eq. (j66p can in principle be integrated for from what all of the other fluid variables 
would follow. We shall analyze some particular cases of this system next. 



3. New theorem in four and higher dimensions and the Weyl-Guilfoyle relation: following Gautreau-Hoffman 



Here we follow the approach by Gautreau and Hoffman [8| in order to find the general properties of a charged 
pressure fluid satisfying a Weyl-Guilfoyle relation, rather than the Weyl relation alone as assumed in Q. The results 
found in this section generalize previous results in two ways. Fist, we render the theorem given in Q to higher 
dimensions, and, second, we find, for d = 4 and d > 4, the conditions that source matter distributions must obey 
in order to satisfy the most general quadratic form for the potentials W"^ — a i^—t\/G^4> + 5) + c, with arbitrary 
constants a, h, and c. 



By defining the electromagnetic energy density as 



Pcm — 



1 (V, 



one may cast Eqs. ([51]) and ((52)) into the form 



V, (-^ VVj = -Sd-2 Pe- 



el -I 
d-3 



P + Pern 



(67) 

(68) 
(69) 



Also, using the identities V^l^^) ^ and V^^) ^ 2|rV20 - 2p^V,VFVV + 25d_2VFpem, we see 

that the Eqs. ([55)1 and ([55]) may be rearranged as 



w 
w 



d- 1 



d-3 

~2S'd-2 (Pc0 - PcmW) . 



P + Pc 



(70) 
(71) 



Then, multiply (|69p by —2abe^JGd and add to (|7ip multiplied by aCd, with constant a and 6, and subtract the result 
from Eq. to find 



25d-2Gd 



d- 1 
d-3 



P + Pem W+ 



+ a {(j)pc - Wpcm) - e 



ab 
JGd 



(72) 



On basis of this equation some interesting conclusions can be drawn. 
Theorem III. 5. (New) 



(i) In any Einstein- Maxwell charged pressure fluid, if the potentials are such that — a [—e^/Gd4' + — c vanishes 
everywhere, i.e., ifW^ = a (— ey^Gd^ + 6)^ + c, then the charged pressure fluid quantities satisfy the constraint 



ab Pc = e\/Gd 







[(^-+d- 





p]W + (j)pc + ia-l) {(jjpc - Wpcm) 



(73) 



apc (^-e^/G^cj) + b^ = ey/G^(p- 



d- 1 
d-3 



p + e {1 ~ a) PemW 



(74) 
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which can be considered the equation of state satisfied by the charged fluid. 

(ii) Conversely, in any Einstein- Maxwell charged pressure fluid, if the fluid quantities are such that Eq. (j73p holds 

and there is a closed surface, with no singularities, holes or alien matter inside it, where — a (^—e\/Gd(f) + fo) — c 
vanishes, then 




everywhere inside the surface. 

Proof. The proof of this theorem is obtained in the exact same way as for the Newton-Coulomb case of theorem 
IIL5] □ 

Theorem IIIL5I cstabhshes that the generahzed quadratic Weyl-Guilfoyle relation, i.e., Eq. ((75)) with a ^ 1, leads to 
a constraint among the fluid quantities which includes the electromagnetic energy density pom and also the binding 
energy density ippc- It generalizes the analysis by Gautreau and Hoffman Q in two ways. First it holds for arbitrary 
values of constant a, while in 0] a = 1, and second it holds in an arbitrary number of spacetimes dimensions d > A, 
rendering into higher dimensions the results of Gautreau and Hoffman [8] . When a equals unity, the d-dimensional 
Weyl relation is recovered and Eq. ([75)1 is reduced to the form found in [l^. Also, in d = 4 it results in what was 
found by Gautreau and Hoffman ^Sj] . Comparing our theorem to the theorem by Gautreau and Hoffman we see that 
in their analysis only the binding energy was taken into account, and hence the constant a was forced to be equal to 
unity. Furthermore, all the solutions found by Guilfoyle in Q obey the equation of state, a constraint, provided by 
Eq. 

The functional form (j75p is more general than the original quadratic Weyl type form. As pointed out by Guilfoyle 
0, a reparameterization of the metric potential as W — > \faW , with a > enables us to write Eq. ([75]) as 
W"^ — (— eVGd0 + fe) + c/a, which is indeed the original Weyl quadratic form. However, one needs to observe that 
this reparameterization, which corresponds to rescaling the time coordinate as t — > t/^/a, leads to a new system 
where, the mass density, the pressure and the electric charge density of the fluid are rescaled as — > Po/oj P — *■ p/ o., 
and pc — *■ Pel \/a., respectively, which changes the balancing relation among the mass and charge densities and the 
pressure gradient. We explore this fact in the next section. 



4. The same new theorem as last subsection: following De-Raychaudhuri 



We shall analyze here the Weyl type charged pressure fluid now following the strategy of De and Raychaudhuri 
, in which the conservation equation is used to try to find a differential equation for the potentials, by eliminating 
all the fluid quantities from the system. This strategy has already been adopted in the Newton- Coulomb case of 
Sec. Ill C 41 The strategy is different from the Gautreau-Hoffman one, but the results are similar. Nevertheless it is 
interesting to see where this strategy leads to. 

A comparison between Eqs. ([26|l and (|66p reveals that the quantity W^^^^'^^^'* p plays, in the Einstein-Maxwell with 
matter theory, a similar role to the one played by the fluid pressure p alone in the Newton-Coulomb with matter theory. 
Hence, in order to write the relativistic equations in a form that resembles the Newton- Coulomb case, we shall define 
an effective matter density p^ and an effective pressure p respectively by Pm = Pm + 335 P , and p = Vl^~2/(d-3) p 

With these definitions, Eq. ([65|l assumes the form pmW + pc + p' — . This result suggests that the product 

of the effective pressure gradient p' and some power of the metric potential W, such as p, for some number S, 
plays the role of the charge density analogously to the Newtonian case. Notice, however, that in the relativistic case 
the electromagnetic energy density ~ (Vi(/))^ is also source to the gravitational field W (cf. Eq. ([5T|) ). Then, it is 
seen that the pressure gradient p' , besides being connected to the charge and mass densities, is also connected to the 
electromagnetic energy density. In fact, after a careful analysis, one finds that by defining two new quantities A and 
X through the relation p' = -^Pc + APF' (pm + Pcm) , with pom defined in Eq. ([57]) . it is possible to put Eq. ([SS]) 

into a similar form to Eq. (j32p . Going back to the original quantities, Pm, p, Pc, and Pemi we find the equation 
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which is similar in form to the corresponding equation, Eq. (|31l) . of the Newtonian theory. Here A and x S'l'e arbitrary 
functions of (f) alone. Then, Eq. assumes the form 



Gd 



where we have defined 



(77) 



(78) 



As mentioned above, the study done in the present section was inspired in the work by De and Raychaudhuri 0) 
on the relativistic charged dust fluid in four-dimensional spacetimes. Besides performing the analysis in arbitrary 
dimensions, we have also generalized the analysis by including nonzero pressure and found that the pressure gradient 
plays the role of electric charge density. Then Eq. ([77]) is the fundamental equation to be solved for <j>, noting that it 
is still needed to furnish the functions W{(j)), X{(j)) and x(0)- There is, however, a particularly interesting case that 
deserves further analysis. In fact, as in the Newton-Coulomb case, for constant A and x, results that are equivalent 
to those stated in the theorem |IIL5J can be found. 



Theorem III. 6. (Same as theorem MIL 51 following another path) 

(i) If the surfaces of any Einstein- Maxwell charged pressure fluid distribution are closed equipotential hypersurfaces 
and inside these hypersurfaces there are no singularities, holes or alien matter, and the fluid is of Weyl type, whose 
pressure satisfies the condition given in Eq. (j76p with constant A and x, then the function W{<j)) must satisfy the 
relation 



1 



1 + A 



b being an arbitrary integration constant, and it follows 



or equivalently 



bp, ^e{l + ~\) 



'e^/Gd(i> + b 



1 



1 + A 



(1 + A) pn, + 



d- 1 

d-3- 



1 + A 



W. 



(79) 



(80) 



(81) 



(a) If condition (|80p holds everywhere inside the Einstein- Maxwell charged pressure fluid, with constant X and x, o,i^d 
there are no singularities, holes or alien matter in that region, then the function W is of the form given in Eq. (|79p . 

Proof. The proof of (i) may be given by defining a new variable ■0 by ViV-" = ZpVicj), with ZpVicf) given by (j78p . 
and then following the same steps as done in the case of Theorem 111.21 In the end, it is found that ZpWi(j) vanishes 

everywhere in the fluid which means \/l + A W' — — e-\/ (1 + x/W^)Gd- By integrating this equation one gets the 
relation ((79|) . and then using this result and Eqs. ((65|) and (|76l) one gets the constraint ([80| . On the other hand, part 
(a) follows straightforwardly from Eq. ^U\j, Eqs. and ([771 . □ 



Even though we have followed different strategies in each case, the results stated in theorem IIII.6I are equivalent 
to what is stated in theorem IIII.5I Namely, the obtained relations among fluid quantities and potentials given in 
Eqs. (|79l) and ((80)) (or ([8T|) ) are equivalent to the relation given by Eqs. (ffS]) and ((73)) . respectively. This can be 
shown explicitly through the appropriate identifications of the arbitrary constants, namely, a — 1/(1 + A) and c — ~x- 
Let us now comment on three interesting particular cases: (i) x = Oj 0, (ii) x 7^ Oj = and (iii) x 7^ ^^'^ 
A = 0. In the case (i) x = 0, for arbitrary A, the metric potential is a perfect square function of the electric potential, 
W — (— e ^^Udtl) + b) I \/ (1 + A). This is closely related to the Newton- Coulomb case studied in Sec. Ill C 4i as it can 
be seen from its Newtonian limit. Case (ii) corresponds to the Weyl original quadratic form between the potentials, 
for which several studies in d = 4 have been done. The particular case (iii) in which both of the free parameter are 
zero, A = and x = reproduces the result found in p^ . and in Q in four-dimensional spacetimes. This is a special 
case where the conditions for Theorem IIIL2I hold even for nonzero pressure. 
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As seen above, Eq. (|66p is the fundamental equation and its validity is guaranteed also in the case x = A = 0. In 
fact, from Eq. ([7S)) one gets 

W 



^2/(d-3) ' =p'- ^ = , (82) 



and then the right-hand side of Eq. (|66|) vanishes identically so that the conditions of Theorem IIII.2I hold. In other 
words, if A = and x — ^ the Majumdar-Papapetrou relation holds. So one may state the following corollary, which 
was shown as a theorem for four-dimensional spacetime by Guilfoyle 0, see also Lemos and Zanchin [To] for the 
d-dimensional generalization. We repeat it here for completeness and because it follows as corollary of the previous 
theorems, rather than being a theorem itself. 

Corollary III.7. (Guilfoyle 1999, Lemos- Zanchin 2005) 

In a region of a static spacetime, filled by a charged pressure fluid of Weyl type, the relation 

p = fcM/2/(d-3) ^ (83) 

holds if and only if 

W = -ey^(f> + b, (84) 

and there is a closed equipotential surface in that region of the spacetime with no singularities, holes, or alien matter 
inside it. In such a case cit follows the relation 

Pc ^ eVG7 (^Pm + • (85) 

Proof. The proof is given by observing that if the relation ([83]) holds, the right-hand side of Eq. ((66|) vanishes, and 
then from Theorem IIII.2I the results ([M]) and ([51]) follow. On the contrary, if holds, Eq. ([53]) follows directly 
from Eq. ([66]) . there is no need of a closed surface here, and the result given in Eq. ([85]) follows from Eq. ([8T|) with 
A = 0. □ 



The Newtonian limit of this relativistic solution is a pressureless fluid, as will be shown below. 



5. Spherically symmetric spacetimes 



The presence of the constant A 7^ 0, or, in the notation of Sec. IIII C 31 the presence of constant a ^ 1, in the 
formula for the potentials is related to the work by Guilfoyle [9] in four dimensional spacetimes. In fact, it can be 
shown that the Weyl type solutions found in Q satisfy the conditions given by Eqs. ([75]) and ([75]) . or equivalently, 
by Eqs. ([79| and ([81]l . To show that, and also to verify that for d = 4 our results are consistent with previous work, 
let us analyze one of the spherical solutions of [^. The spacetime metric, in Schwarzschild coordinates, is taken in 
the form ds^ = —W'^{r) dt^ + dr"^ j ^\ — r"^ jB? + d^ , with r being the radial coordinate and R being a constant. 
Take, for instance, the solution found in [9] for A — 3/2, which corresponds to A = 1/2, or a = 2/3, according to our 
notation, 

WHr) = ^^'^'('^^ (86) 



i 9x^ fc^ 

^ " (3^2 F2(r) - 2)' 



8^An(r) = (87) 



1 9x^fc^r2 4fc^l--^ 

8^^'(0 = (3x2F2(r)-2)^ F{r) {ix^FHr)-2y ^^^^ 
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where k is an integration constant, and F{r) and Q{r) are defined by 



Fir) = co-kR\ll-j^, (90) 



with Co being another integration constant, and we have put G4 = G = 1. 

From Eqs. (PT|) and ([55)1 we get both the electric charge density po and the electromagnetic energy density pom, 



^'^^-^^^^ - ,o-.Im ,,2 ■ (93) 
(3x^ F^{r) - 2) 

In the case d = 4 and A = 1/2, Eq. (|5T|) reads 

Hence, in order to check if the solution satisfies this constraint, we use Eqs. ((87|) ((89|) . and ((93)) to obtain 



s /3/ ^Pem\ 12V372_/ 1 L r2 2x2fcr2 \ 

V 2 l^- + + — J ^ - 3 F2 (r) - 2 1^ V ' " ~ 3 F2 (.) - 2 j ' ^^^^ 

where we have multiplied both sides of the last equation by Stt. Now, from Eq. (|86p we find . ^ — = = a/ § X'f'(^) j 



and then the right hand side of Eq. corresponds to 



8-^2l^- + 3p+— j ^___ = -3_,^,^^^_2 3x2F2(r)-2j ' ^^^^ 

agreeing with the solutions for Po(f) as in Eq. ([92)) . and showing that this particular solution by Guilfoyle [9| really 
matches the conditions established in the present work. With confidence we can state that all Guilfoyle's solutions 
obey the condition (l73|) or the other equivalent ones. 



6. The Newtonian limit 



The Newtonian limit can be obtained from the relativistic quantities by considering Eq. ([66)1 with the following 
approximations: (i) Write W = 1 + F and consider F = i^(</)) small compared to unity, F is to be compared to 
the Newtonian potential V; (ii) Neglect p with respect to (iii) The product p'W = p'{l + F) is approximated 
by p' since p'F is also a second order term; (iv) Neglect pW when compared to p'W, because it gives pW = pF' 
which is a second order term too; (v) The product pcW = pc(l + F) is approximated to pe- It then follows that 
Wp' - -^pW ~p'-^pF', and from Eq. that Z = F'^ - Gd. Therefore, Eq. §^ reduces to 

V^F'^-GdV, (v^F'^-GdW) = 5d-2 Gd p' , (97) 



which, after the identifications F — V and Z = Z = \J F'^ — Gd gives exactly Eq. p8)) . that is the basic equation for 
the Newton-Coulomb theory (see also 0|). From this result one then finds the corresponding results for zero pressure, 
cf. Eqs. (|20p and (|2ip . The Newtonian results for nonzero pressure in which p' = xPc + -^^'Pmi with constant x and 
A, also follow immediately (cf. Eqs. ((57)) and 



22 



Alternatively, one may obtain the Newtonian limit directly from the relativistic solutions found above. For instance, 
considering the case of Sect. IIII C 41 the Newtonian limit can be found by writing Eq. ([75)1 in the form — 
a Gd'/'^ — 2e a 6 VGd <j> + a b'^ + c, so that to first order approximation in (j> one gets = ab^ + c—2eab y/G^ (p. Now 
writing W ~ l + 2y and redefining appropriately the constants a, b and c in terms of A, 7 and Xi Eq. follows. Also, 
the two remaining Newtonian relations, Eqs. (j37[) and (|38[) . are immediately obtained as the Newtonian limit of the 
corresponding relativistic equations. Namely, Eq. ([57]) follows from Eq. ([50]) . with ^ 1 and neglecting the pressure 
p when compared to the matter density pm, and Eq. (|38p is obtained after integration of the Newtonian approximation 
of Eq. ((76)) . which is p' = xPc + AX^'pm- Note that the relation among the constants f3 — y^{l + x)/i^ + ^) and 7 
used in the Newton-Coulomb theory and the constants a = 1/(1 + A), b and c = — x used in the Einstein-Maxwell 
theory is not unique, since it depends on how the Newtonian limit is calculated. By taking, = 1 + 2V, we find 
/3 = a6, and 7 = {ab'^ + c - l)/2. 

Additionally, the relativistic relation p = kW^^^'^'^^ found in Sect. IIII C 4[ which to first order approximation is 
p = k ^ constant, and so p' = 0, corresponds to the zero pressure Newton-Coulomb fluid studied in Sect. IIIBI (cf. 
Corollary III. 7|) . In fact, in the Eulerian description of a Newton- Coulomb charge fluid the conditions p — and p ~ 
constant are equivalent. 



D. Asymptotically Tangherlini spacetimes: the mass and charge, and the mass-charge type relation of the 

global solution 

Here we particularize the analysis to asymptotically Tangherlini spacetimes, i.e., Reissner-Nordstrom d-dimensional 
spacetimes, filled by charged fluids of Weyl-Guilfoyle type. Such spacetimes have an asymptotically electrovacuum 
region, which implies strong constraints on the fluid distributions. Namely, the source fluid has to be of finite extent 
with a well defined boundary, or the fluid quantities must approach zero in a sufficiently fast form, in such a way to 
guarantee the existence of an asymptotically vacuum region. We show below that in the case the fluid distribution has 
no definite boundary, or whenever a Weyl-Guilfoyle type relation of the form = a (— e ^/Gd(t> + ^) + c is imposed 
in the whole spacetime, the existence of an asymptotically electrovacuum region requires that a — 1, c + fc^ = 1 
throughout, and the mass and electric charge are related by 6(7 = e^/Gdm. 

The case of a fluid distribution with a boundary is more interesting, since different Weyl-Guilfoyle type rela- 
tions may be assumed in each region of the spacetime. In fact, solutions of this kind were studied by Guilfoyle 
himself who had found a more general mass to charge relation. Below we extend the Guilfoyle analysis to d- 
dimensional spacetimes. Following Gautreau and Hoffman [s*] we also give a more formal definition of mass and 
charge for d— dimensional asymptotically Reissner-Nordstrom spacetimes of Weyl-Guilfoyle type. Finally, we show 
that in asymptotically Reissner-Nordstrom spacetimes the mass definition given here is identical to the Tolman mass 



1. Spherically symmetric interiors joined to an exterior Tangherlini spacetime: relation between the mass, charge and other 

parameters 

Let us consider the case of spherically symmetric fluid distributions (see Guilfoyle for solutions in d = 4) . The 
metric is written as 

ds^ = -W{rfdt^ + U{rfdr^ + r^dVld-2 , (98) 

where r is the radial coordinate in (d— 1) spatial dimensions, W and U are function of r only, and dQ.d-2 is the metric 
of the unit sphere S*^"^. The charged pressure fluid is bounded by a spherical surface of radius r = a, and for r > a 
the metric is given by Tangherlini solution [l^l 

as =- 1 — ; — 7;—r^ + -n — ^^jtt"^ ™ ^ 7^ 2 hrdi2d-2, (99) 

V d — 3 M _ 3)2 j.2(d-3) ; -, 2Gd m I Gd " ^' ^ ' 

^ ^ ^ -L - d-3 + (d-3)2 r2(d~3) 

Furthermore, in the asymptotic region the electric potential is given by 

la . , 
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(j)o being an arbitrary constant which defines the zero of the electric potential. Notice that no Weyl type relation of 
any kind is imposed to the potentials in the exterior region. 

Our aim here is to find the explicit relation between q and m. This can be done, for instance, by direct integration 
of Eq. (l73|) . However, in such a case we need to know the explicit form of the solution. Alternatively, such a relation 
can be obtained considering appropriate junction conditions on the boundary surface r = a. In fact, in the spherically 
symmetric case, we can integrate Maxwell equation (j7ip . which furnishes 



Q{r) = 



„d-2 



WU 



(101) 



where the prime denotes the derivative with respect to the radial coordinate r. We then use the Weyl-Guilfoyle 
relation to write 6 in terms of W, 



where e = ±1. With this, Eq. (|10ip reads 



eb 



1 



a 



W 



ac 



(102) 



(103) 



Now we use the fact that Q{r = a) = q, and that the continuity of the metric coefficients on the surface r = a implies 



in M/(a)2 = 1/U(af 



2Gd m 
d-3 a<i-3 



Gd 

(d-3)2 a^(<i-3) ■ 



With this, Eq. (fTU5)) yields 



r Gdm^l 


+ («-!)( 









m 



(d - 3) 



Gd 



(104) 



which for d = 4 coincides with Eq. (25) of 9] and holds for all spherically symmetric charged pressure fluid distribution 
whose boundary is the spherical surface of radius r = a. The proportionality between q and m is recovered whenever 

it gives VT" 



a = 1, and, moreover, if one imposes further that c — 1 — b'^ it gives \/l — c q = bq = e V Gd rn. From Eq. (|104p 
one sees there is also the possibility ma'^^'^ — q^ /{d — 3), for a 7^ 1, and still holding g cx to, more precisely 
\/l — c q = e\/Gd m. The extremal relation q = \/Gd m holds when the relation among and </> is a perfect square, 
for which the parameter c must vanish, c = 0, besides a = 1, implying also in 6 = 1. 



2. Relation between the mass and charge for a fluid distribution with no symmetry a priori, linked to a vacuum that 

asymptotes the Tangherlini solution 



Let us assume that the charge fluid distribution is such that the spacetime is asymptotically Tangherlini. This is 
the case, e. g., of sources of finite extent with a boundary, or of fluid distributions without a boundary in which the 
fluid quantities vanish smoothly in the asymptotic region in a sufficiently fast way. For these kind of spacetimes, the 
metric in the asymptotic region can be taken as the Tangherlini metric (|99p . and the electric potential is given by 
Eq. ITOOl) . 

Assuming that in the asymptotic region the relation between the gravitational potential W and the electric potential 
(f> is of Weyl-Guilfoyle type (cf. Eq. (|75|) ). W"^ = a (— e -y/Gd 4> + &) + c, where a bar here means we are working in 
the asymptotic region, we find the conditions 

a = 1, a (^—e y^Gd(j)o + b^ q = e y^Gdni, a (^—e y^(^(j)o + b^ + c = - ^^^2 h c = 1 . (105) 

From these results an interesting conclusion can be drawn: If it is assumed that a Weyl-Guilfoyle relation between 
potentials holds throughout an asymptotically Tangherlini spacetime then the resulting relation is in fact a Weyl 

relation, = (— e\/Gd (f> + b) + c. A further simplification can be done considering that the arbitrary constant (po 
in the electric potential can be put to zero without loss of generality. With = we find b'^ + c = 1, and therefore 



bq = e v^Gd TO 



(106) 
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That the charge to mass relation is given by Eq. (|106p in a four-dimensional asymptotically Reissner-Nordstrom 
spacetime of Weyl type was first found by Gautreau and Hoffman [Sj], using a formal method. Inspired in this work 
let us see how it can be generalized to d-dimensional asymptotically Tangherlini spacetimes of Weyl-Guilfoyle type. 
Following closely Gautreau and Hoffman \§\ we assume there is a fluid distribution of finite extent, not necessarily 
spherically symmetric, linked to a vacuum that faraway asymptotes to the Tangherlini solution, and moreover, the 
parameters a, b, and c defining the Weyl-Guilfoyle relation inside the fluid are the same as the parameters of the 
vacuum region a, b, and c, i.e., a = d, b = b, and c = c. Since in the vacuum region a = 1, one also has a = 1. Take 

now the quantity [ V*14^^ ) — aVi ) with a = 1 (see Eqs. ([70)) and ((7T|) ). integrate it over a volume 



W 



V and use the Gauss theorem to find 



(107) 



where, as before, dV is the invariant volume element of the (d — l)-dimensional spatial section (t — const.) of the 
spacetime, S is the boundary of V and rf is the unit vector orthogonal to the hypersurface S pointing outwards. Now 
we take S at infinity and denote S = Soo, so that V stands for the whole space volume Voo, and it results that the 
surface integration on the right-hand side of Eq. (|107p is done at spatial infinity. Since the spacetime is asymptotically 
fiat, the metric on Soo can be taken as the Tangherlini metric (|99p . with the electric potential given by Eq. (|100p . 
Under these conditions the right-hand side of Eq. (|107p gives 2 S'd-2Gd?Ti, i.e.. 



I 



1 

w 



w 



dV 



(108) 



Now the field equations Eqs. ([70]) and ([7T|) are used to write the first integral on left-hand-side of Eq. (|108p in terms 
of the fluid quantities and of the electromagnetic energy density pcm- In the case where the fluid distribution has 
no boundary the analysis is straightforwardly performed and it results Jy [Vi {-^^^W^) — (iIa VV^)] = 

25d--2Gd /y ^/Om + P+ w Pcj W dV. On the other hand, if the source is of flnite extent with a boundary, the 

spacetime has two distinct regions: The interior region, bounded by the surface Sh and whose volume we denote by Vb; 
and the exterior region, whose volume we denote by AV, so that we obtain /^^ [Vi VW^) _ (^ V^^)] dV = 

25d-2Gd /y^ (^Pm + + w P'^^ W dV. Hence, using this result and Eq. (|108p we flnally obtain 



1 



d-3' 



dv. 



(109) 



where V stands for the whole volume of the fluid distribution. The parameter m is the total gravitational mass of the 
spacetime. 

We now turn attention to the charge definition, for which one can always make use of the Maxwell equations. 
Hence, integrating Eq. fM]) over the volume of the source and using the Gauss theorem it is found 



5 ^ 



-Sd-2 



Pc dV , 



(110) 



Vs 



where S is the hypersurface bounding the volume V5. Again the left-hand side integration can be done over an infinitely 
large spherical surface, with the metric on S being the Tangherlini metric (|99p. and with the electric potential being 
given by Eq. (jlOOp . Then, the left-hand side of Eq. (jllOp gives — S'd-2'7- We may then identify the quantity on the 
right-hand-side of Eq. (jllOp to the total charge of the source q, 



Pc dV 



Vs 



Pc dV . 



(Ill) 



Finally, the constraint (j73p implies that the total charge of a spacetime containing a charged pressure fluid distribution 
of flnite size satisfying the conditions of Theorem Illl.Sl is proportional to the ADM mass of the spacetime. This can 
be shown as follows: Integrating Eq. ([75)1 over the whole volume of the source, Vb, and using Eqs. ()109p and (jllip . 
we find 



bq = e a/ Gd m , 



(112) 



25 



which is the same as Eq. (|106l) . since we are assuming b = b. This result shows that for a compact fluid distribution 
with no symmetry a priori, in which the spacetime tends asymptotically to the Tangherlini solution, with the potentials 

W and <f> being related by = a (— e -^/Gd 4> + 6) + c, and with the mass density pm, the pressure p, the charge 



density being related by bpc = e \/Gd 



, the total mass and the total electric charge of 



the spacetime are proportional to each other with the proportionality constant being exactly b. For a fluid mass 
distribution with spherical symmetry, the relation (jl06p can be derived directly from Eq. (|104p . Indeed, under the 
Gautreau-Hoffman assumptions, one has b = b, and thus b^q^ = GdW^, so that one finds immediately from Eq. (|104p . 
that a = 1 and 6^ + c = 1 is a solution. So the Gautreau-Hoffman mass relation is, in the spherically symmetric case, 
a particular instance of the Guilfoyle relation. 

We can also show that the integral given by Eq. (|109p is the total gravitational energy, i.e., the total mass, of a 



source and is equal to the Tolman mass [12| . Using Tolman formula we find 



I ( An + P + Pcm ) W dV, (113) 



d-3 

where we assumed that the charged fluid distribution is of finite extent. Using Eqs. (|113p and (|109p we get 



M-m= iWpom-cbpc)dV+ WpomdV, (114) 

JVb JAV 

where AV stands for the volume outside the matter distribution. We can get rid of the term containing the prod- 
uct pc on the right-hand side of Eq. (|112p . Multiplying Eq. (|69l) by 0, using the identity, (j)Vi (-j^f VV) = 

Vi (^-^ V*(/)^ — (VV)^/M^> integrating over a space volume Vs and using the Gauss theorem, it is obtained that 

/ (j^ Vi(/)) n'-dS - / 77? (^''^)^ ^ / (jypcdV. Then, using Eq. fST]) to bring in the electromagnetic 

energy density, {V'cjjf /W ^ S^-^iW p^^, it is finally found S'd-2 Jy^ {(j^Pc-Wp^^) dV = - /^^ (w^''^) 
where iSt is the boundary surface of the fluid distribution. Substituting this result into Eq. (|114p it gives 

M-m^-^ [ (^y^A n'dS+ [ p,,^WdV, (115) 

t>d-2 JSb \ ^ / "'AV 

where iSb is the surface which bounds the source. It seems that the mass m is in general different from the Tolman 
mass M. However, as verified above, for d-dimensional spherically symmetric systems of Weyl- Guilfoyle type it 
results m — M. In fact, one can show that under certain conditions the two integral terms on the right-hand side 
of Eq. (|115p cancel each other out. For we use the vacuum field equations and the Gauss theorem to transform 



the volume integration over AV into a surface integration, viz, S'd-2 / PcmW dV = / — Vi0 I n^dS, where 5a 

JAV Jsa / 

is the (closed) surface boundary to the volume AV, and stands for the unit vector orthogonal to 5a pointing 
outwards. Note that the boundary Sa is composed of two closed surfaces. The external boundary Soo, and inner 
boundary, which coincides with the boundary of the source, Sb- The unit vector on iSb pointing outwards with 
respect to AV is parallel to but points inwards with respect to Vb, namely, = — where is the same as 

in Eq. (fTTS]) . Therefore, we have the identity J V,;0^ n'dS ^- j V .cf^ n'dS + J V,(/>^ n'dS. 

Since the source is of finite extent the spacetime is asymptotically Tangherlini, cf. Eqs. (l99l) and (|100p . the integral 
over Soc vanishes and, after substituting the result into Eq. (jll5p . we find 

M^m, (116) 

i.e., the total mass is the Tolman mass J^] (for the Tolman mass and mass in charged matter see [H, [13, [l^, and 
also (3). 



IV. FURTHER COMMENTS AND CONCLUSIONS 



We have studied the structure of the sources produced by Weyl type systems, including systems obeying a Weyl- 
Guilfoyle relation, both in the Newton-Coulomb theory with matter in d — 1 space dimensions and in the Einstein- 
Maxwell theory with matter in d spacetime dimensions. 
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In the Newton- Coulomb case, we have rendered theorems by Bonnor for charged dust fluids into higher dimensions, 
and obtained new results for charged pressure fluids. For zero pressure fluids, it follows that the gravitational potential 
y is a function of the electric potential (f) alone, V — V{4)). In the case of a nonzero pressure fluid, the equations 
of fluid dynamics in Eulerian description together with the Poisson equations for the potentials with the assumption 
of a Weyl type ansatz for the potentials, V — ¥{((>), implies that the pressure is also a function of (f) alone, and 
then all fluid quantities are given in terms of the gravitational potential. If one assumes further that the relation 
between the pressure gradient dp/dcf) is proportional to the charge density, then the gravitational potential is given 
by V{(j)) = —e (3\/Gd4> + 7, with /? and 7 being arbitrary constants and e = ±1, with the matter and charge densities 
being proportional to each other too. 

In the case of the relativistic theory things are more intricate and more interesting. First, with the Weyl ansatz 
W — the d-dimensional Einstein-Maxwell theory in vacuum yields the Weyl quadratic relation between the 

metric potential and the electric gauge potential (j). Then, a series of results for the Einstein-Maxwell with matter 
theory for fields of Weyl type in four spacetime dimensions can be rendered into higher dimensional spacetimes. The 
most important new result of our analysis is the generalization of the Gautreau-Hoffman relation among the fluid 
quantities when the potentials are related through the Weyl-Guilfoyle relation ([75| . This analysis, done in Sect. lIII C 4| 
shows that the most general charged pressure fluid in which the metric gravitational potential W satisfying the Weyl- 
Guilfoyle quadratic relation W"^ = a (^—ey/Gd4> + b) + c, with constants a, 6, and c, corresponds to different systems 
when compared to the original Weyl quadratic relation as Eq. in which a — 1. To see that, consider the following 
reparameterization of the flelds W — > a^W — > Q?i0, with constant ao and ai. Taking these transformations 
into the system of equations given by Eqs. (|5ip . ([5^ and we can conclude that the Einstein-Maxwell system of 
equations is invariant only if ao = CH: a-s expected (this corresponds to a rescaling of the time coordinate, t — > t/ao). 
Therefore, any rescaling of the potentials W and for which ao 7^ cti leads to a different system. Hence, a new 
relation among fluid quantities and the electromagnetic energy density is found in four and higher dimensions, cf. 
Eq. ([75]) . Upon connection of an interior charged solution to an exterior Tangherlini solution, we found a relation 
between the mass, the charge and the several quantities of the interior solution. It was also shown that for sources of 
finite extent the mass is identical to the Tolman mass. 
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